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TIME-OPTIMAL RESPONSE OF FEEDBACK CONTROL SYSTEMS
BY MEANS OF DISCONTINUOUS RATE COMPENSATION
\ by Richard J. Levesque

\
\

Determini£g the time-optimal response of a feedback
control system is a problem vital {o many applications of
such systens, This problem consists of obtaining the
fastest possible output response to some stimulus without
_exceeding‘the_physical constraints placed on the systen
and its components. f the schemes used to optimize the
time response. of control systems, the most widely used
and studied has been the 'bang-bang" solution. The bang-
bang approach, however, has one major physical disadvan=-
tage; namely, that the drive on the controlled plant must
be turned off at the exact instant the final state of the
systen output is reached, and that it then remains turned
off, To overcome this disadvantage, the use of discon-
tinuous rate compensation, where an "ideal' relay is
placed in the tachometric feedback loop, is here inves-
tigated as a means of obtaining time~-optimal response of
a feedback control system,

The primary purpose of this investigation is.to study
the time response of a discontinuous rate compensated, or

d. r. c., system and to compare this response with that
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achieved using a bang-bang coafiguration of the saie sys-
tem, This purpose was accompliched by analyzing the
systen configurations mathematically, devising analog
rnodels of those configurations, programming the models
on an analog computer and obtaining output response data
from the analog computer simulations.

I+ was found that the best method among those attenp-
ted for studying tine-ontimization of feedbacik control

4 2nte

systems is analos compuier simulation.of th
L™ -

- oo v
ystens,

n

wyer Twpdas - . <4 £ -
nalvtical metihiods were found

p

Doth digital coamputer and
%o require a considerable amount of algebraic tedium., It
was concluded from the data obtained in this investigation
that the d., r. ¢. configuration of the basic systen
chosen, switched in such a way that its response overshoot
vas always a specified small amount, exhibited better
overall time response than any other configuration stucied
in terms of rise time and percent- overshoot. Suggestions

were nade for future studies,
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CHAPTRR 1
INTRODUCTION
I, STATEMENT OF THE PROBLEM

Selecting the best, or optirum, response for a given
feedback control system with respect to some criterion is
a problen vital to many applications of such systems,
Often, the criterion selected for optimization is that of
response tine, In such a case, an attempt is made to ob-
tain the fastest response of a system to some stimulus
without exceeding physical constraints placed upon systenm
components,

Several schemes for optimizing the time response of
feedback control systems have been attempted earlier by
other investigators, Probably the most widely uced and
stuiied of these methods has been the so-called "bang-
bang' approachl. In a bang-bang system, an ideal relay is
placed in the forward loop of the system in such a way

hat it can reverse the direction of the drive on the
plant, The relay is operated such that minimum response
time is obtained., The bang-bang nmethod of achieving

optimum time response is developed in Chapter II.

1 . . .
: John E, Gibson, Nonlinear Automatic Control (New
York: McGraw-Hill Book Company, 1963), pe 126.




There is one great drawback in using bang-bang con-
trol; i.e., at the instant the final state of the output
is reached, the drive on the plant must be turned off
because otherwise, as will be shown, the system steady-
state error never approaches zero. Also, if the switching
point does not occur at exactly the right instant, the
final output state will not be reached, For this reason,
another method of achieving optimnum time response was
sought, The method studied in this investigation is that
of discontinuous rate compensation, In a discontinuous
rate compensated, or d, r. c., systemn, an ideal relay is
placed in the tachometric feedback loop. In a d. r. c.
syster, when the plant output reaches its final value, the
system drive power supply need not be turned off to main-
tain this final state, as is the case with bang-bang con-
trol, Also, since the final value is always reached, the
switching point in a d, r. ¢, system is not critical, as

it is in a bang-bang systemn.
IX. SCOPE OF TIIE INVESTIGATION

The prinary purpose of this investigation is to study
the tine response of a d. r. ¢, syctien ani to coipare this

response with that achieved using a bang-bang configura-

2]

tion of the sane systen., This purpose is accomplished in

4

tihe following five steps: (1) presenting mathematical

svsten analysis, (2) building analog moielz, (3) perforning




simulation studies and obtaining data, (4) analyzing the
data, and (5) drawing conclusions and offering suggestions
for extension of the study.

A mathematical system analysis is presented, 1In
Chapter IX, the response of the system under consideration
in this study is analyzed in its basic configurations
using conventional control system theory and time-optimal
control theory. The time response of the basic system to
a unit step input is determined using normalized response
curves and by solving the system output time equations on
a digital computer., The digital computer solutions are
then plotted and are later used to check the validity of
analog computer models of the system, Time~optimization
of control system response using switching of the control
effort is then presented. The bang-bang solution is in-
cluded along with a discussion of optimum switched systens
in terms of the phase plane,

Analog computer models are constructed. In Chapter
I1II, a general presentation of analog computer programming
principles is made., Conputer models of the basic system,
the basic system with tachometric feedbacl, the bang-bang
systern and the d, r., c, systemn are then constructed. The
tine responses of the basic systen irodels, with and with-
out tachometric feedback, are compared with those obtained
by means of a digital computer in Chapter II, The validi-

ty of the bang-bang and d, r. ¢, models is thus



established,

Sirulation studies are performed and data is obtain-
ed, 1In Chapter IV, a presentation is made of the analog
conputer studies perforned on the various. sysien configu-
rations. Systen response times to steps of various
nagnitudes are obtained from strip-chart recordings of
systen outputs. Other response criteria, such as percent
overshoot, maximum output velocity and maximum output
acceleration, are obtained for phase portraits of each
systen configuration, The data presented in Chapter IV
includes tabulations of response tines, overshoot per-
centages, maxinum output velocities and maximum output
accelerations for each system configuration as a function
of input step magnitucde., Also included are phase por-
traits of each configuration as produced by an x-y
plotter.

In Chapter IV, the information content of the data
presented therein ic evaluated and discussed, Response
characteristics and tihe use of switching curves are anong
the topics presented. The relative merits of the various
systen configurations studied are discussed.

In Chapter V, conclusions are drawn regarding this
study in general and the response of the d. r. c. system
in particular., Possible improvements in the method of
study are cited. Suggestions are made of possible exten-

sions of this study based on the results and experience



+

obtained. Areas sucit as cswitching function generation

anc digital comruter model building are sugrested.



CHAPTER II
MATHEMATICAL SYSTEM ANALYSIS

Using conventional control system theory, the res-
ponse of a basic system to a step input was determined.
The first attempt at improving the response of the system
was made by adding tachometric feedback to the plant. It
was found that, in the first case, the time response was
fast but had excessive overshoot. In the second case, the
overshoot problem was solved at the expense of the res-
ponse tine, The conclusion reached was that some other
method of improving the system response should be
attempted,

A mathenmatical investigation of the tine-optimal
response of the system was then made, This investigation
led to the conclusion that optimum time-response, based
on certain assumptions, could be achieved by using '"bang-

bang' control; that is, by using an ideal reversing switch

n

in the forward loop. Chapters III, IV and V of this

6]

thesis involve a study of the time-respounse of a systen
using discontinuous rate compensation anc a com arison of
this response with that of the sane systen in a bang-bang

configuration,




I. CONVENTIONAL ANALYSIS OF SYSTEM TIME-RESPONSE

The basic system and the basic system with tacho-
metric feedback were both analyzed mathematically for
response time and percent overshobt. Two sets of system
constants were used in each case to brozden the scope of
the investigation. 1In both cases, the syster tine solu-
tion was obtained with the help of a digital computer to
perforn: the numerous calculations involved. It was found
that, tiaough the addition of tachonetric feedback reduced
the overshoot considerably, the response time was length-
ened by a significant anount, The conclusion reached was
that some method other than simple tachometric feedback

nust be used to improve system response,

Basic Systen

A Dblock dianran of the basic systenm is shown in
Figure 2,1, The Laplace transforw of the plant transfer
function is G(s) = Ky/s(s+b). The system input, r(t), is
a ctep function vhose magnitude will be taken to be unity
for the sake of sizpiicity., The transfor.ed input is then
R(s) = 1/s. The closed-loop transfer function of the

sygowen 1o

c(s) KoG(s) 1

R(s) 1 + K3G(s) (2.1)
11 obert N, Clarh, Introduction to Automatic Control
Systems (Ilew Yorlk: n Wiley & sons, Inc., 1062), D. 180.



G(s)

C(s) >

Pigure 2.1.

Basic System,



Substituting the expression for G(s) into equation (2,1)
yields the following closed-loop system transfer function:

C(s) _ K1K

R(S, ) + S + 183

The natural resonant frequency, w,, and the damping ratio,

J, of the system are found from the standard second-order

formz,

C(sg = wl
S) s2 ¥ 2%wgs + wg ° (2.3

In order to broaden the scope of this investigation,
as well as to study the effects of varying system para-
meters on output performance, two sets of constants were
used, The effects on the system time response of using
either set of values were studied for all systen configu-
rations., To avoid confusion, the nomenclature "system #1™
and “system #2'" was used to distinguish between the two
sets of values. In system #1, the following set of para-
meters was used: K3 = 1,42 and b = 2, In system #2, the

following values were used: K, = 1,62 and b = 3, In both

3
systems, Ky = 10, These values were chosen for mathemati-
cal simplicity as well as to provide a basic system whose
output response was clearly underdamped and required some

improvement. The primary difference between system #1 and

2Clark, op. cit., p. 111.



systen #2 is in the magnitude of the drive to the plant,
although the plant transfer functions were made somewhat
different also,

If numerical values are substituted into equation
(2.2), then values of natural resonant frequency and
damping ratio for the two systeus are found from the
standard-forn equation (2.,3). For systen #1, wn = 3.77
radians per second and § = 0.265. For systen #2,

w, = 4.03 rad./sec, and § = 0,372. These values can be
used to find percent overshoot and rise time of the system
output from norrialized, second-order curves3. The ex-
pression "“rise time", as it is used in this thesis, neans
tire from initial output condition to the first time the
output comes within 5% of the final condition, It should
be noted that this is not the standard definition of rise
tine, For systen #1, % overshoot = 42% and rise time =
0.45 sec, For system #2, % overshoot = 28% and rise

time = 0.5 sec.

The experimental data obtained in this study consists
of analog computer outputs. Since these outputs are
continuous tine functions of the systen outputs, it would
be desirable to exprecs the results obtained in this
section as continuous time functions also. Tiese tine

functionc can then be used to validate the recults

3Clark, op. cit., p. 69,
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obtained from the analog models constructed in Chapter II1,
Conputing somewhat complicated time functions, such as
were found in this study, so that they may be plotted is
tedious and potentially inaccurate. FPFor this reason, the
time functions were calculated using a digital computer.
The actual output time function, c(t), was found from
the time-response equation., The time-response equations
for systems #1 and #2 were found by substituting numerical
parameter values into equation (2,2) and solving the
equations for C(s), where R(s) = 1/s, These equations
were then broken up into partial fractions, and the in-
verse Laplace transform of each fraction was taken. The

output tine function of system #1 was found to be
c(t) = u(t) - 1,04exp(-t)sin(3.63t+1.302) (2.4)

Sirnilarly, the output of system #2 was found to be
c(t) = u(t) - 1.08exp(~1.5t)sin(3,735t+1,188) (2.5)

Equations (2.4) and (2.5) were evaluated on a digi-
tal computer, the program for which is included in
Aprendix A, Calculations were made for the period 0£t£3
seconds at intervals of 0,05 second. The output functions
thus obtained are shown in Figure 2.2. From the curves in
Figure 2,2, the percent overshoot and rise tine of systeil
‘#1 were found to be 42% anl 0,48 sec, For systen #2,

these values were found to be 29% and 0.5 sec. These

11
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values all agree well with those found from the second-
order response curves, providing a good check for the
digital computer program and the curves obtained thereby.
The curves in PRigure (2.2) were used to validate the
analog computer models developed in Chapter III and to
check théir output accuracies,

Por many practical applications, an overshoot of 42%
or of 29% in system response is excessive and unacceptabla
It is apparent that a means of increasing system stability,
i.e., decreasing the tendency of the output to oscillate,
is desirable in such a case, A common means of stabili-
zing a control system is to introduce a tachometric
feedback loop., The general effect of adding tachometric
feedback to a system is one of limiting the output velo-
city. Moreover, the mathematical analysis of a system is
not made more difficult with the addition of tachometric
feedback, Therefore, this method of improving the system
response was the first attempted, The failure of this
method to provide an acceptable system output response in
either system #1 or in system #2 prompted, in part, the
study of constraints in the system, This effect of con-
straints is the subject of study in the remainder of this

thesis,

13



Basic Svysten with Tachometric Feedback
P

The block iiagram of the basic syster: with the addi-
tion of tachometric feedback is shown in Figure 2,3. The
values of K3 and G(s) for both systems are unchange:dl from
the previous section, The Laplace trancform of tie tacho-
metric feedback ic H(s) = Kps, where Ky = 0.4. This value
of K, was chosen to yield a part ticular value of damping
ratio for system #1, and was also used for cystem #2,

he systen with tachometric feedback was studied in
exactly the same manner as was tie bacic sgysten of the
previous section. For this reason, the Zetailed analys $18
of this system configuration will not be presente: Tue

closeid-loor transfer function of the systern with taclo-

rnetric feesback was found to bLe

c(s) - K1K3 (2.6)
R(s) 524(b+K1K2)s+K1K3 , °
Zquation (2,6) is alco in the second-orier form of equa-

tion (2.3). For this configuration, system #1 was found
to have a natural resonant frequency wy of 3.77 rad./sec.
and a damping ratio of 0.80. For systen #2, w, = 4,03
ral,/sec, and ¥ = 0.87.

As would be empected, the addition of tachometric
feedbaclk had no effect on the natural resonant frequency
of either syszten; the entire effect was felt by the
damping ratio, which was increased substantially in both

caze:, From the secon’-orider resronse curve:s cited

14




C(s

G(s)

H(s) =

Pigure 2.3. Basic Systen with Tachometric Feedback.
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earlier, the percent overshoot and rise time for system
#1 were found to be 2.5% and 0.86 sec. PRor systen #2,
these values were 1% and 1,25 sec,

Because of the increase in damping, the effect of
adding tachometric feedback was to decrease the overshoot
and to lengthen the response time, Although the overshoot
is now at a more physically acceptable level, the response
tines have bLeen approximately doubled. Using the sane
procedure as in the previous section, the output time
functions of this system configuration were found to be,

for systen #1,
c(t) = u(t) - 1.739%exp(-3t)sin(2,236t-2.501), (2.7)

Por system #2,
c(t) = u(t) - 2.02exp(-3.5t)sin(1,987t+0.517). (2.8)

These functions were also calculated using a digital com-
puter for 0%£t<3 sec. at intervals of 0.05 sec, The output
functions were plotted and the resulting curves are shown
in Figure 2.4, From these curves, rercent overcsiaoot and
rise tine were found to be 2.5% and 0.88 sec., for syste:n
#1, 1% and 1,25 sec., for system #2. Again, these valiues
agree well with those obtained from the normalized curves,
providing a good checii on the Jdigital comruter prograni.
The curves in Figure 2.4 vere also used to validate the

analoz models of Chapter III an'! to check their accuracies

16
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Conclusions

Two sets of conclucions can be drawn fron the results
of the study of this basic control syster in its various
configurations, The first conclusionc concern the beha-
vior of the system itself with respect to tine response
and overshoot. The second set of conclusions concerns
the method of inva@stigation, which has been conventional,
straightforward and somewhat tediouz {or the anount of
information derived,

Conclusions were drawn regarding sycsten behavior. In
the case of the basic systems, the overshoot and subue-
quent oscillation were found to be excessive, though the
response times night be considered sufficiently short.
When tachometric feedback was introduced, the damping
ratios were increased, reducing the amounts of overshoot
to desirable levels, but approximately doubling the res-

ponse times in the process. A method of oprtinizing res-

desirable, One method, utilizing a diccontinuity in the
systeir control was studied., Part II of the pre.ent chap-
ter is an investigation of configurations utilizing such
discontinuities.

Conclusions were also dravi regar@ing the netho. of
investigation., Although the use of a digital computer

eliminated the tedium involved in nanually colving the

tine equations repeatedly to obtain svsoten tire responses,
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finding the equations in the first place involved no
small amount of algebraic manipulation, Also, finding the
maxirun values of velocity and acceleration to vhich a
given system configuration is subjected would require
considerable additional effort, If these difficulties
are coupled with the fact that manual conmputation of the
tire response of a system with even the simplest non-
linearities becomes next to impossible, a strong case is
rnade for the use of some other method of investigation,
The method of analog computer model-building was used
extensively in this study to siiulate systens with dis-

continuities, and is describel in Chapter III,
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II. TIME-OPTIMIZING CONTROL SYSTEM RESPONSE

The problem of time-optimizing the response of feed-
back control systems has been studied extensively., A
time-optimal solution, called the '"bang-bang" solution,
was developed and has been known since the early 1950°'s.
Timg-optimal control theory has been applied to this
solution, and was presented by Athanassiades4. The bang-
bang solution involves the use of an ideal switch in the
forward loop of the system. In this section, a brief
description of the bang-bang solution is presented. Also
included is a description of optimum switched systems
utilizing phase plane techniques. Pinally, reasons for
choosing a discontinuous. rate comrensated system configu-

ration for study are presented.

Bang-Bang Time-Optimal Solution

In the development of the bang=bang solution through
the use of optimal control theory as presented by

Athanassiadess, an optimal control law for ruininum time

response is derived., Mathenatically, this law can be

stated as

4Michael Athanassiades, "Optinal Control for Linear
Tirme Invariant Plants with Tire, Fuel and Energy Con-
straints", Applications an: Industry, lurber 64 (llew York:
The Institute of Electrical and Electronic Engineers,
January, 1963), p. 322.

Spthanassiades, Ibid., p. 322.
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u3(t) = -sgn [qj(t)], (2.9)

where uj(t) is the "jth" term of an nth-order control
function, qj(t) is the jth term of an rth-order function
of the system costate vector, and the term "sgn", or

"signum®, indicates

-sgn [q;(t)] = - -lgj{%]— (2.10)

The following conclusions can be drawn from the optirum
control law:

1, The optimum control signal for mininum tine

operation is piecewise constant,

2. The optimum control signal must have only

the values of +1 or -1,

3. The polarity of the control signal depgnds

on the output of the adjoint system.

The exact time equation of the optirmum control
function u®(t) for an nth-order system is not presently
known and can be derived for a second-order system only
with a considerable amount of algebraic tedium, Moreover,
the development of u®(t) assumes sets of initial condi-
tions, and is thus limited, However, this tedium can be
avoided through a systematic trial-and-error procedure
using analog computer simulation of a bang-~bang system
This simulation was carried out in the present study using

the analog model developed in Chapter III. The results of

this simulation are presented in Chapter IV.

SAthanassiades, op. cit., p. 322.
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Optimum Switched Svystemns

Before considering response time optinmization
throuch the use of switched systems, it would be useful
to describe concepts of the phace plane briefly, since
the phase plane is a very useful tool in des cribing such
systems., The phase plane is a two-dimensional space on
which the first derivative of a variable is plotted versus
the variable itself., For a closed-loop system, either
the error or the system output and its rate of change are
plotted. ©Phase plaune analysic is limited to cecond-
order systems, since derivatives of higher-order than
thie first cannot be represented on the phase pliane, and
higher-order syste:s woull not be coumpletely lefinec by
a variable and its first ierlvailve7 Use of the phase
plane in this thesic will be confine:l to plots of the
systen output velocity versus output displacement.

Facility in visualizing phvecical occurrences as they
are described in the phase plot, or trajectory, is ob-
tained only after considerable expousure to and stuly of
various systen phase "portraits', or complete trajectories,
Initial condiiions of zecoud-order cysten: variables are
represented as pointc wiiclh, can tlheoreticaliy occur auny-
where In the phase plane. Tihe direction ZIn ihiich a phase

trajectory travels Jepeals on the ovsten stabilitys; the

John E. Gibson, MHonlinear Autonatic Control (Nev.
York: licCraw-Ilill Book Conpany, 1853), p. 237.

~
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shape of the trajectory depends on the system parameters
and configuration. Time, though it does not appear as a
variable in the phase plane, is implicit in a trajectory
and can be recovered. In general, time is inversely pro-
portional to the area under the trajectory, with reference
to the axis of the variable; in this case, the variable
under consiceration is the output displacement. The phase
plane concept will be used extensively throughout the
remainder of this thesis,

When considering time-optimization of system res-
ponse by means of switching one of the system drives, the
phase plane representation of system response becomes a
useful tool for study as well as for presentation, Assune
a simple, second-order positional system such as the one
presented in section I of this chapter. Suppose it is
desired to have the system output displacement go from
position A to position B in the minimum anount of tine,

If there are no physical constraints on the system, the
fastest response could be achieved by first accelerating
the output to infinite velocity in zero time, then noving
from point A to a position corresponding to point B at
this infinite velocity, then decelerating to zero velocity
in zero time, This method is represented by thie rhase
portrait in Figure 2,5, wiere x is the output displace=-
nent and v ic ity first derivative, the output velocity,

It may be noted in passing that the area under the phase
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Figure 2.5. Phase Portrait with no System Constraints.

Limiting Velocit

Figure 2.6. Phase Portrait with Velocity Constraint.

—X

Figure 2.7. Phase Portrait with Acceleration Constraint.
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trajectory sirown in Figure 2.5 is infinite, corresponding
to zero elapsed tire.

A slightly nore practical but still unrealizable
nethod of moving the outrmut from A to B uses velocity-
liniting. If the velocity of th e syctem output is limi-
ted to come mayinum finite value, the phase trajectory
shown in Figure 2.6 results, Although the tine regquired
to go from A to B is finite, as seen from the finite area
under the trajectory in PFigure 2.6, infinite acceleration
and deceleration forces are still required.

A more practical arrange:nient assunes the limitation

on acceleration., Even this limditation ig still sonewhat

unrealistic, cince it assumes that the accelerating force

]

is constant throughout the velocity ranre, and is inctant-
ly revercible., Iowever, the tyre of trajectory shown in
Figure 2.7, incluiing the instantaneous change in acceler-
ation, can be obtainel from thie srstern being considered

here, since it is i leal and second-orxder., If it were

rossibile to nwmintain a constant ilevel of acceleration

f

throughiout the trajectory, it hias Leen showm™ that each

half of the trajectory would be parabolic, If the cycoten
Deing stulied here were of third orier or Ligher, a liii-
tation would be placed on tiie rate of chan_e in accelzra-

tion, and tiie sharp chan ted in Fisure 2.7 would




not be realizable, The chape of the trajectory of

Figure 2.7 suggests that the quickest way to get to point
viron roint A involves switching from maximum accelera-
ting to maximum decelerating effort midway in the trajec-
tory. The mathematical justification for this "full-
forward, full-reverse! method of switching was nade
earlier in this chapter, when the "bang-bang' solution

was presented,

Choice of D. R, C. System

The prinmary purpose of this study is to conrare the
time resronse of a Jiscontinuous rate compensated systen
with that of a bang-bang configuration of the same system,
The bang-bang system was chosen for study because it is
widely accepted and has been extensively studied., How-
ever, the bang-bang solution has major physical drawbacks.
First, the drive on the plant must be turned off at the
instant the output variables reach their final state., If
this turn-off is not accompiished at the right tine, or at
all, limit cycle operation may result, Second, the
switching point must be precicely set so that the final
output state may be reached in one switching,.

The d. r. c. systen was chosen for comparison with
the bang-bang system., This choice was made because the
d. r. c., configuration is not physically limited by the

disadvantages inherent in the bang-bang systen. 1In a
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d. r. c. confijuration, tihe steady-state output error is
zero, zo the final state will always be reached by the

output variables, Furthernore, this state will be main-
tained by the systenm without it being necessary to turn

off the drive to the plant. Also, the switching point in

a d, r, ¢, systen is not critical. he output will reach

its final state regardless of the switching point. 1In
fact, variation of the switching point in a d. r. c. con-

fizuration can be usel to vary the svstem output response

until "optimum" resronse, with resrect to some preselected

criteria, is obtained, Two switching schemes were en-
bployed in the stuly of the time response of d., r. c.
gvotenis, In ome case, tiie svoter wac switched such that
tie output would overshoot by 5% for any level of input
ster. In the second case, a switching point cet to sone
conctant output level wac uced., The results of tihieuse

stuties are presented in Ciapter IV,
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IIXI. CONCLUSIONS

In this chapter, it was seen that the analysis of
even simple, second-order feedback control systens by
conventional automatic control theory can be very tedious.
Although the use of a digital computer eliminated most of
the repetitive computational effort, algebraic manipula-
tions involved in finding the exact time solutions of the
systems studied remained laborious, Moreover, thie conven-
tional method of analysis was found not to lend itself
readily to optimization., It was mentioned that the con-
ventional method does not easily provice such information
as maximum output velocity and acceleration,

A study of time-optimal control theory showed that,
with constraints on the control effort, the value of the

ontrol function u(t, could onlr be +1 or -1; hence, the
name "bang~bang'"., It was indicated that
function of “he control signal wounll@ be very difficult
analytically, even for a second-orier uy.ten, but that
tiis function cculd be found fairl easily by analog comi-
puter techniquec,

The phace ;laie coucert was studied., althoughh this
coacept was fount to be 2 usefnl tocol, it wvac found to
have one serious Crawbacli; the phase plane is velid only
for second-order systems., Ilovever, since the cysten uncer

consideration in this theris iras of recond oriler, this

28




limitation on the phase plane was of no concern., Tae
phase plane was also found to be uceful in presenting and
visualizing optimization concepts with regard to switched
svstens,

The reasons for choosing a discontinuous rate con-
pensated system configuration for output response
conpariczon with the bang-bang svsiem were presented, he
inherent physical drawbacks of the bang-bang configuration

vere brought out., It was pointed out that the d. r. c.

how tiese rodels are constructed and uced on an analog

computer to rrovide a large anount of information on the

solution to the problenm at hand; that is, of comraring

{

discontinuous rate conpensation with the well-imowm an

widely-studied bang-bang time-optinal solution,
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CHAPTER IIIX
ANALOG COMPUTER MODEL DUILDING

The need for building analog commuter models of the
svstens under coasicerztion wag estabiiched Zn Charter II.
Procedures for leveloring and using cuch noteis, as well
as for checiting their validity and accuracy, will De stu-
died in the present chapter. First, the principles of
analog computation will be studied briefly to explain iow
an analog computer is used to represent physicali sycteric.
llext, nodels of the various sycten configurations being

-

studied uill be constructed utilizing thece principles.

Finally, the validity ani tiie accupacy of the outputs of

els will be theclie? arainst the outputs obtained

ides “rto the following

<

in Chapter II. This chapter ic <2
(1) araloz corputer principles and (2) <evelop-

rsten niodels,
I. AMNALOG COMPUTER PRINCIPLES

An analog computer is used t constant-
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coefficient differential ecuations. The computer can also

be used to solve other types of equations, but its

- [ PPN "t - - - . A Ty e 9. -~
Lo, Corputer kPrograrrinig ..0:c000:0,
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<
, 1
(Long Trancu, iel jersey: =Slectronic .,Lcsociates, Inc.),
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application to this studly is limited to this one class of
equations. Forcing functions and/or initial conditions
can 2lso be simulated on an analog computer. The equa-
tion to be solved is, in effect, a mathematical model of
the system it describes, This equation is solved contin-
uously from some reference time t = 0, when solution is
initiated by the operator. Any of the system variables
can be obtained from the model while solution is in pro-
gress. These variables are represented by voltage levels
at various points on the model.

The differential equation to be simulated on the
analog computer rnust be of the correct form to be easily
programmed, To be in this form, the equation should be
solved for its highest-order derivative, then normalized
with respect to this term, For example, consider the
following differential equation:

aX + bx = ¢ (3.1)
where %X = dx/dt. The correct analog form of this
equation would be

% = c/a - bx/a (3.2)
e nethod of prograrming used in this study is
called the "bootstrap" method. This method assumes that
the normalized, highest-order term in an equation is
already available, then constructs this term from itself
by integration, attenuation and éummation. Cnce the

analog model of the equation has been constructed, forcing
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functions and/or initial conditions are added to the pro-
gram, For example, if equation (3.1) were to be simula<
ted, the programmer would first assume that the term X is
available as a voltage, then he would construct this term
by producing the term (c/a - bx/a) from it,

The components which are available on an analog
corputer and which apply to the present study, alopg with
their mathematical uses, are the following:

1, Potentioneters--used as attenuators.

2. Operational amplifiers--used as inverters,
sunmers, integrators, rultipliers, or in
combinations of these functions,

3. Electronic conparator--used as an electronic

switch to produce discontinuous control

signals,

For illustration, an analog model of the systen
represented by equation (3.,1) will be constructed. sing
the bootstrap method of programming, it is first assumed
that a voltage proportional to % exists., This voltage ic
integrated with respect to time, producing a signal pro-
portional to -x (the integrator also inverts the signal).,.
This voltage is then rmultiplied by the value of b/a to
produce one term in the orizinal equation. If the magni-
tude of b/a ic less than unity, the multiplication can be
perforrned by neans of a potentioneter. If the magnitude
of b/a is between 1 and 10, the integrator can be used to
provide a multiplication of 10, and then a potentioieter

can be used to attenuate the signal to its proper value,

If the magnitude of b/a is sreater than 10, nore
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amplifiers will be required, It is assumed for simplicity
that the magnitude of b/a is less than unity,

Next, a forcing function of nagnitude ¢/a is formed
by means of a reference voltage attenuated by a potentio-
nmeter to produce c/a volts. Again, amplification may be
required, It 1s assumed here that the reference voltage
is 10 volts (as it was in the analog computer used in this
study) and that the magnitude of c¢/a is less than 10, Now
that the terms c/a and (-bx/a) have been formed, they are
summed to form i, the originating voltage, A practical
analog computer configuration for solving equation (3.2)
with the previously-stated assumptions is shown in

Figure 3.1.
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O\ *c/a (integrator-inverter)

+10VO

-
-

(potentioneter)

-bx/a

Figure 3.1. Analio; computer nodel of I = c/a - Lx/a.
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II. DEVELOPMENT OF SYSTEM MODELS

This section concerns the development of analog
conputer mordels representing the basic systen studied in
both the bang-bang configuration and the discontinuous
rate compensated configuration, where the ideal relay is
placed in the tachometric feedback loop. In each case,
both system #1 and system #2 were developred, The configu-
ration being evaluated in this thesis is, of course, the
discontinuous rate compensated one. The bang-bang con-
figuration, being the theoretical "time-optimal"™ solution
subject to certain assumptions, was used as a standard for
comparing the performance of the d, r. ¢, system.

Also included in this section are checks of the vali-
dity and accuracy of the outputs of the models developed.
These checks are made by simplifying the models to the
basic configurations seen in Chapter II (Figures 2.1 and
2.3). The outputs of these simplified models were comn-
pared with those obtained analytically and calculated by
digital conputer (Figures 2.2 and 2.4), The analog nodel
outputs agree closely with those obtained analytically,

It can De reasonably assuned, then, that the introduction
of a discontinuity in either systen does not invalidate
the model of that system, since the systems are still

piecewise linear,
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Dang-Bang Systern: rodel

In Charter II, it was ceen that tine-optimal res-
ronce could bz obtained, un'ler certain assumptions, by

means of the co-called 'bang-bang' solution, The basic

ll.

thes:

e
4]

svotent Leing considered in th 5, including the

¢ifferent coafigurations st

a

-

died, can be represented in

(2

he general bang-bang coufiguratioen shown in PRigure 3,2,
uhere G(s) = K;/s(s+b) and H(s) = Kps.
In Pigure 3.2, the cleiient N represents tie ideal
revercing relay developed in Chapter II., Tie control
nal u can assuse values of +1 and -1 only, simulating
saturation of the amplifier Ily. The error signal
2(s) - C(s) serves only to trigger the relay at the proper
tire, allowins the system output to reach its final value
in rinimum time, The svstem can be returned to its basic
onfisuration as discussed in €hapter II by first short-
circuiting the relay 1, malding the control signal equal to

e

gnal, Tho tachonetric feedback loor can then

Fo

the error =
be removed tec reprodiuce tlie basic system by letting

K, = 0. Thae svystem as choun in Figure 3.2 is then a jen-

eral confisuration whiclh can casily be nolified to re-
create svsten configurations studied earlier,

. -

The analoy mnocdel of this cvsten ic deterndned first

by obtaining the systen differential equation in its
proper form, Froi: Figure 3,2, it is seen that E(s)=NK3

at all tinmes, derending on the value of C(s) only
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indirectly as a triggering criterion for the ideal relay
represented by N, Therefore, it can be concluded that the
large loop is not a feedback loop in the physical sense of
the word, That is, on a conceptual basis, Figure 3.2
could be represented by the system shown in Figure 3.3;
this representation is valid only if it is remembered that
E(s) does depend indirectly on C(s), but that its numeri-
cal value is not a simple mathematical function of the
output, The system differential equation, in the "boot-

strap" forn, is found as follows:

c(s) _ __G(s) : K (3.3)
E(s) I+G(s)H(s) ~ s2+(D+Kikp)s *

Cs? + (b+E3K5)Cs

KB = NK;K3 (3.4)
Taking the inverse Laplace transform of equation (3.4),

c + (b+K3Kp)¢ = NK;3K3 (3.5)

0
1

= -(b+K1K2)¢ + NEK;K3 (3.6)

In equation (3.6), N = u(t) the control function, where
u(t) = +1 or -1 only.

Equation (3.6) is the systen differential equation in
the proper forn for analog computer progranming. Iere,
& = de(t)/dt and ¢ = d&(t)/dt = d2c(t)/dt®. Using the
components available, a sinplified analog model was con-
structed as shown in Figure 3.4. The block labeled
"NK1Kj in Pigure 3.4 consists of an electronic comparator
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whose output consists of +K1K3 or -K,Ks, depending on the
level of output c(t) needed to trigger the control signal
u(t) either way. Due to physical limitations of the
actual analog computer used, several trials and adjust-
ments were necessary before a practical computer configu-
ration was constructed as shown in Figure 3.5. The
computer used was an Electronic Associates, Inc. Model
TR-20,

A brief explanation of PRigure 3.5 is in order., The
numbers inside the potentiometer symbols (circles) repre-
sent the nunbered potentiometers on the computer; the
settings of these potentiometers for the various configu-
rations studied are summarized in Table 3.,1. Similarly,
the encircled numbers at the head of the amplifier symbols
(triangles) are the actual numbered anplifiers used. The
nunbers within the amplifier symbols represent the multi=-
plication factors used, The plus and minus ten-volt
levels shown are reference voltages available on the comn-
puter used, Procedures for prograrnming the electronic
comparator can be found in the computer handbookz. The
comparator was programmed to switch the forcing function
NK1K; from u = -1 to u = +1 at the desired level of out-

put c. This switching level was set by means of

The TR-20 Computer Operator's Reference Handbook,
(Long Branch, New Jersey, Electronic Associates, Inc.),
rp. 47-53, AII-15-16.
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potentiometers 7 and 9,

Discontinuous Rate Compensated System lModel

The primary purpose of this thesis is to present a
study of discontinuous rate compensation in feedback con-
trol 5ystems. The objective of this study is to evaluate
the time response of such a system when it is subjected to
step inputs. As was mentioned earlier, the performance of
the d, r. c. system was compared to that of the bang-bang
configuration. In a d, r. ¢, system, an ideal relay is
placed in the tachometric feedback loop of the driven
plant. Unlike the bang-bang systemn, this relay merely
changes the sign on the tachometric feedbaci: signal at
some pre-selected value of output, output rate or output
acceleration, A block diagram of the d., r. c. systen
configuration studied here is shown in PRigure 3,6. 1In
order to make the response comparison between the two
systen: configurations more meaningful, the anplifier K3
was allowed to saturate at the same level in the d. r. c.
system as it did in the bang-bang systern, To evaluate
the effect of this saturation on syste: performance,
studies were made with and without saturation in Kz. As
before, both system #1 and system #2 parameters were used,

The analog conputer model of the d. r. c. systen wvas
developed in the same manner as was the bang-bang system
model. The system differential equation in ‘*'bootstrap"
form was found as follows:
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C(s) _ @1 = G(s) - K

5 = ¢ = meemey = PreakpE 7
C(s) - KaG'(s) _ K1K
R(s) ~ TG (s) - SZF(BHKIR2)S+K1K3 (3.8
[s2 + (damyK,)s + KyRj|Cls) = K KR(S) (3.9

If the input r(t) is a unit step, then R(s) = 1/s. For a
step input, the final value of c(t) from equation (3.8)
and the final value theorem is the sare as the magnitude
of the input step. That is, the steady-state error in

he system is zero. For this type of system, létting the
input be zero and assigning some initial condition to the
output is mathematically the same as letting the input be
a step of the same magnitude with no initial conditions.
In the first case, the output will go from some initial
value to zero; in the second case, the output will go
from zero to the magnitude of the step. The mathematics
and programming are simplified by letting R = 0 and
assigning an initial value to C, Talking the inverse
Laplace transform of equation (3,9), letting R = 0 and

solving for the highest~order derivative yields
c = -(b+NK3K5)C - KiK3C (3.10)

The analog computer nocel of the d. r. c. systen,
represented by equation (3.10), was constructed by the
same method used to construct the model of the bang-bang
system, Again, the electronic comparator was used as the
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ideal relay. The actual nodel used for the d¢. r. ¢, sys-
tem is chowm in Figure 3,7. The block labeled "satura-
tion" in Figure 3.7 is that part of the 1odel which
sirmlated saturation in amplifier K3. The program of the
“"saturation' block is shown in Figure 3.8. This block was
connected in such a way that it could either be included
in or excluded from the model, so that the effects of
saturation on the systen response could be studied., The
comments explaining Figure 3.5 in the previous sub=-
section of this chapter also apply to Figure 3.7. The
settings of the potentiometers for the various configura-

tions studied are summarized in Table 3.2.

Validity and Accuracy Tests for Basic Analog lodels

The validity of the basic analog computer nodels and
the accuracy of their responses were checked, These
checks were made by simplifying the models developed in
the previous two sub-sections of this chapter to their
basic forms, The basic forms of both nodels were found
to be identical, This finding was correct, since both
systen configurations were developed from the zame basic
control system, shown in Figures 2.1 and 2.3, In Chapter
ITI, analytical responses were obtained for tiie basic syce-
ten (Figure 2.1) and for tie basic system with tacho-
netric feedback (Rigure 2.3)., In each casze, both systen
#1 and system #2 parameter sets were used. The analog
computer model of the basic system in each of these four
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configurations was constructed, Respronses of the four
nodels to unit step inputs were obtained and uere conirared
with the analytical responses,

Analog computer nodel validity was tested by con-
paring the output responses obtained from the analog
rnodels with those obtained analytically, The output res-
ponses to unit step inputs obtained analytically were
plotted in Figures 2.2 and 2.4 for the four basic configu-
rations; namely, systenm #1 and systen #2 for both the
basic system and the basic systent with tachonetric feed-
back. The output responses of the four basic configura-
tions obtained from the analog computer are showm in
Figures 3.9 and 3.10., 1In Figure 3.9, the output responses
of the basic system (Rigure 2.1) with system #1 and sys-
tem #2 parameter sets are shown., 1In Figure 3.10, the
responses of the basic system with tachometric feedbacik
(Pigure 2,3) with both barameter sets are shown,., PFigures
3.9 and 3,10 were corpared with Bigures 2,2 and 2.,4. The
curves in Figures 3,9 and 3.10 appear to be upside down
because the unit step was provided by an initial output
condition with R = 0, Since the two sets of output res-
ponses were nearly identical, it was concluded that the
basic models are valid and accurate representations of the
four system configurations in question,

The validity test was extended to the bang-bang and

d. r, c, nodels used, The only difference between the

51



\
/

N SOOI NN S L

(a) systen #1

— \,* , B
SEERSEREIEER

. ,f:: *-fi R i - - J

(by systen #2

.

Fizure 3.9. Cutrut recrouce of bacic sysven.

52



t) I ) o

-1 i

(b) svoten: #2

Firure 3,10, Cutrut rec-onse of bacie cveien
uith tachoretric feelbaci:,

53



bang-bang systen and the basic system was the use of an
ideal relay in the forward loop of the former. In both
cases, the tachometric feedback could be either included
or excluded, The differences between the d. r. c. system
and the basic system with tachometric feedback were the
ideal relay and the possibility of saturation in the

d. r. c. system, The output of the electronic comparator
was checked and the comparator was found to be, for all
practical purposes, a perfect representation of an ideal
relay.

The analog sirulation of saturation diagrarmed in
Pigure 3.8 was also checked, The voltage characteristic
of the saturation sirmlation was obtained through the use
of a unit ramp input to the circuit., The saturation
characteristic was plotted by a strip-chart recorder, and
this recording is included in PRigure 3.11, As is obvious
from Figure 3,11, the sinulation was not of an ideal,
"square-cornered" saturation, Iowever, since no prac-
tical saturable element exhibits an ideal characteristic,
the simulation circuit used in this study probably more
nearly approximates an actual saturation characteristic
than an ideal simulation would,

The bang-bang and d, r., ¢, systeus studied, though
nonlinear in the strict sense, were piecevice linear
except for the saturation in the &, r. ¢, syctemn. It can

be logically concluded, then, that the addition of an
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ideal relay to the basic cycten in either the forwar
loop or in tae tachometric feedback loop hac no effect
on the validity of the analog models of thece configura-
tions, Also, since the voltage characteristic of the
saturation simulation was Imown, then there is no reacon
to question the ability of this circuit to sinulate a
caturable amnplifier with a sirdlar characterictic, Thwe
analog corputer iodels in Figures 3.5 and 3.7 can tien
be assunied to be good representations of tihe bang-bang

and d. r. c, systens studied in this thesis.
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CHAPTER IV
SIMULATION RESULTS AND DATA ANALYSIS

The purpose of the present chapter is to present the
results obtained from the analog computer simulation
studies and to provide an analysis of these results., The
data sumnerizing ti.ese results is presented in graphical
and tabular form for ease of interpretation and reference.
The results are taen analyzed and interpreted to evaluate
the responses of the various system configurations,
Although the mass of data presented was not all absolutely
essential to a study of the present thesis topic in its
nost limited sense, it was obtained and is presented in
the interests of providing aid to future studies and
completeness to the present study. This chapter is divi-
ded into two sections, The first section is a presenta-
tion of the data obtained in this studv, The second

section is an analysis and interpretation of this data.
I. ANALOG SIMULATION DATA

Studies of the tine responses of the csystens for
wihich riodels were constructed in Chapter III were nade
with an analog computer. The primary purpoce of this
study was to corpare the time responses of tlie discon=-
tinuous rate compensated, or d. r. c., system with those

of the time-optiial, or bang-bang, system. liowcver, for
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comrleteness a5 well as for comparison, tiie response
studizz of %he basic, unswitched systens were also made,
Four confiiurations were studied, Cutput response
data was obtained for each of four systen configurations.
Thece configurations were the following: (1) the basic,
inswitched svstem without tachometric feedbaci, (2)
basic unswitched syste:i: with tachometric feedbacii, (3) the
bang=bang systeum, anl (4) the d. r. c. system., Zach of

-

these four citudies was made for both systern #1 and systen

#2 paraneter sets, For each: study with each paraneter

a saturabl

(T

amplifier except, of course, for the bang-bang
systenm where the amplifier is asscuned always saturated,
For the bang-bang syster:, outputs were obtained for the
systen without and with tachometric feedback. A total of
twenty sets of outruts, or rums, were obtained; four for
each confi;uration studied excert for the <. r. c. system,
In tle case of the discontinuous rate compensated systen,
two complete studies were made; omne with an '"optirun®
switching level such that the overshoot was a noninal 5%
and one with a switchin, level set at some counstant value
f output.

The nunerical and grarhical data obtained frou: tie
analog computer studies is surmarized and presented in
this section., Since the tire-response curves produced by

the strip-chart recorder were so nunerous, tiey are not
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included in this presentation. However, the numerical
information provided by those curves was surmarized in a
series of tables, The phase portrait of each run was
produced by an x-y plotter, These phase portraits are
presented as figures in this section,

The organization of the data otbtained from the
studies is a series of tabulations supplemented by a
series of phase portraits, each consisting of a family of
response trajectories. TlLe tables were riade up in terms
of response criteria studied aud were Jdivided into two
groups; one for systen #1 and one for system #2. The
response criteria summarized into tables were the follow-
ing: (1) rise time, (2) rercent overshoot, (3) naxinunm
output velocity, and (4) maximum output acceleration,

The two sets of four tables are presented on the following
eight pages., A total of twenty-four phase portraits are
presented in the twenty figures of this section. Tach
sinulation run provided one phase rortrait except for the
four d. r. c, sysien simulations with 5% oversiioot, wuer
switching-curve portraits were also obtainel, An analysis

of this data is precented in t:e next section.
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II., ANALYSIS OF RESULTS

The results obtained in this study were analvzed io
evaluate the relative output performance of eachi systen

n

”~
-l
Fo

confisuration studied., These results are sumnarize

[0}

Tables 4.1 through 4.8 and in Figures 4.1 through 4.20,.

Of primary interest was tlie comparison between the output
performance of the two d, r. c. systens and of the bang-
bang system. In general, it was found that any comments
which applied to systen #1 also applied to systen: #2, The
results were analyzed on a system=by-syster bazis, in the

order presented in the data.

The Pasic Systen

The basic systen confiruration, block-diagrammed in
Figure 2,1, was the fir-t studied. Tiis systen waz chosen
because of its relative instability and simrlicity., Iua
both Zts unsaturated and saturated confijguvrations, this
systeit was found to exiiibit relatively siort rise times
and high overshoots, as can be seeux In Tablez 4.1 through
4.4, The basic systen output was found to e:xliibit ratier
high output velocities an accelerations, especially in
the unsaturated case, because of this relative instability,
Wien saturation was added, rise tines increaced and over-
shoots, naxinum velocities and ravirun accelerations
decreased, as would be erpected. This effect was tost

marked at the higher initial ountput values, as iz best
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iillustrated bv ite effcct on tue share of the phase tra-
jectories in Figures 4,1 anl 4.2. A need was seen to
improve the reiative stability of the output of the btasic

svster uithout adversely affecting the rise time toc much,

Dasic System wiil. Tachometric Feedback

A commonly-use:!l tietliod of increaning syoten stability
a tachometric_feedback loop to tiie
driven plant. iz iethod was attempied witih the bacic
systen. The basic cysten with tachoretric feedback is
bloci-diagrarmed in Figure 2.3, although the stability

of the systen was ramatically increased, as evidenced Dby
the near lack of overshioot shown in Tables 4.3 and 4.4,
the output rise tine was aprroximately doubled for both
system #1 and #2, with and without caturation, This
effect is shown in Tables 4.1 and 4.2, but is nost
effectively illustrated by cornparing the trajectories in
Figures 4.3 and 4,4 with tl.ose in Figures 4.1 and 4.3.

e

each trajectory resulting from the aliition of tachouetr:

f:: db - J e A S A F L < M B s D C)
ece ac.t 1o a1 'n‘—---v;‘ L0 O _'.‘-\.,..ea.\_vei; rizg Lalanl o

portraits, It ic secen that tie naxinum velocitics were

substantially recduced through the addition of

feedback, althougl the maximum accelerations were un-

affected, as chiown in Tables 4.7 anl 4,5, 7Whis 1lach o

l'q

effact on mazirum accelarations exicZed Ttecausz, in each
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case for each system, the initial acceleration was the
maximun value; tachonetric feedback has no effect until
some finite output rate, or velocity, is built up. Al-
though the addition of tachometric feedback to the basic
systen had the desirable effect of increasing systen
stability and reducing oscillation, the price paid in
increased rise time was substantial, Neither configura-

tion was deemed to yield satisfactory results,

The Bang-Bang Systen

The bang-bang system was studied. This configuration
could only be logically compared with the saturated cases
of the basic configurations since, as pointed out in
Chapter II, saturation in the forward-loop amplifier is
one of the assumptions made in deriving the bang-bang
solution, The bang-bang system configuration is block-
diagrammed in PFigure 3.2. Output phase portraits of the
bang-bang configurations studied are shown in Figures 4.5
through 4,8,

The outputc of the bang-bang systeris exhibited the
fast rise time of the basic syster without any of its
resultant overshoot. In fact, the rice tiiles of the bang-
bang systen were scen, from Tables 4.1 and 4.2 to be even
shorter thian those of the saturated basic syctenm for low
initial output values, This phenomenon occurred because
the drive available to the bang-bang system was a con-
stant naxinun at all initial output values, and this
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advantage was most pronounced at the lower initial out-
puts. As is apparent from the results, tachometric
feedback is unnecessary in a bang-bang system except,
possibly, to limit maximum output velocities. However,
the maximum output accelerations, which are more likely
to be a physical consideration than the velocities, were
found to be consistently higher in the bang-bang system
with tachometric feedback than in the same system without
it (see Tables 4.7 and 4.8).

Although the output performance of the bang-bang
system was found to be consistently better than that of
either the basic system or of the basic system with tacho-
metric feedback, one great drawback to the practical use
of this configuration was encountered., At precicely the
tine the output displacement, velocity and acceleration
reached their final state (i.e., zero error for displace-
ment and zero magnitude for both velocity and accelera-
tion), the drive on the system had to be turned off, or
limit-cycle operation would result, Moreover, the selec-
tion of a switching point for the ideal relay had to be
precice, or the final output state could not be reached
with one switching. Although the bang-bang systen was
found to have theoretically superior output responses
when compared with the basic configurations, this one
physical drawback limits the practicality of this type

of control,
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Discontinuous Rate Compensated Systen

Two d. r. ¢, systen schenes were studied. 1In the
first case, the switching point was adjusted for each
initial condition such that the overshoot was a constant
5% of the initial value, In the second case, the switch-
ing point was maintained at a constant level of output;
viz,, ¢=0,75, DBecause the results obtained in the two
cases were substantially different, each case is discussed

separately,

Constant 5% Overshoot Case. The output data for the

d, r. ¢, system switclied such that the oversioot was
alvays 5% is presented in Tables 4,1 through 4.8 in the
colurn heacded "D, R, C, Sys. A", The output phase por-
traits of this system are shown in Pigures 4,10, 4.12,
4,14 and 4,16,

Switching curves were found, The output phase por-
traits of the svstem without switching for both positive
and negative tachonetric feedback are shown in Ficures
4.9, 4,11, 4,13 and 4,15, The uncwitched curves were used
to deteriiine the set of switching points which would re-
sult in 5% overshoot regardless of the initial output
level. It was found that, for tie unszturated systemns,
the "switching curve", or locus of switching points, was
a straight line from the origin into the fourth quadrant
of the phase plane. These lines can be seen by connecting
the switching points in PRigures 4,10 and 4,14,
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The unsaturated svetem cwitching curves were found
experinentally to be straight lines. This effect could
be attributed to the fact that the unsaturated sycten was
piecewise linear, That is, each switclied phase trajectory
was exactly the same shape as each other trajectory, only
magnified or reduced in size according to the initial
output level. The switching curves for the saturated
svstems, seen in Pigures 4,12 and 4.16, were curved be-
cause the svsteri was no longer piecewise linear, making
the shape of eacl trajectory different from the others.,

The tine-response of the constant-overshoot system
was analyzed, From Tables 4,1 and 4.2, it ic seen that
the rise times at the higher values of initial output for
the constant-overshoot system were less than those of any
other systen configuration save the basic sy:cten without
saturation and d. r. c. systen B, loreover, the overshoot
of this system never exceeded 5%, whereas in those systeus
with shorter rise times the overshoots encountered were as
high as 40%. The bang-bang systen was the only configu-~
ration with a combination of sliorter rise time and less
oversihoot than that of the constant-overshoot d. r. C.

syster:, and then only for low values of initia

z.—l

output,
lioreover, the suitching poiats for the d, r. c. systez

vere not required to be rrecicely set, as was ihe case for

the bang-bang svcten. The rise time advantare of this
d, r. c. cveten over the bang-bang systen: increased with
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the ‘magnitude of the input step, or initial output value,
The price paid for this performance on the part of the
constant-overshoot systen is evident from Tables 4.5
through 4.8, The d. r. c. system A exhibited greater
output velocity and acceleration magnitudes than any other
configuration except d. r. c. system B, with a constant
switching level., ZExcept for the velocity and acceleration
criteria, which may or may not be a factor in choosing a
physical system, the d. r. c. system with constant over-
shoot probably has the best and most consistent output

response of the system configurations studied,

Constant Switching Level Case. The output response

data of the d. r. c., system with a constant switching
level of ¢ = 0,75 is summarized in Tables 4.1 through 4,8
and in Pigures 4,17 through 4.20. Although the response
of this system to low values of initial output was fairly
fast and exhibited reasonable overshoots, this response
degenerated rapidly as the systen was subjected to steps
of higher magnitudes, The response time became very low
for higher values of initial output, but the percent over-
shoot increased very rapidly and the systenm output was
subjected. to higher values of maximum velocity and accel-
eration than any other system configuration studied,
Although switching a d. r, c. systemat a constant level
of output may be physically expedient, it provides poor
output response when the magnitude of the input step is
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much above this switching level, as is evident from the

data,

Conclusions

It can be concluded from the analysis made of the
data obtained in this study that the overall output time
response of the d. r. c. systen switched for constant 5%
overshoot is superior to that of any of the other systen
confisurations studied., It was found that the basic sys-
tem, though its response was fast, exhibited a tendency
to oscillate and become unstable. loreover, this system
was found to have a very high "settling" time, or time to
a final 5% maxinum error. When tachometric feedback was
added to this system, the problemns of potential instabi-
1ity and high overshoot were replaced by the problem of a
greatly increased rise tine, The bang-bang system, though
its time response was deemed satisfactory and a definite
improvenent over the basic configurations, was found to
have a great practical drawback, Namnely, the systen drive
had to be turned off as soon as the output reached its
final state. Llioreover, it was found that the switching
point for the bang-bang system had to be very precisely
set, wihich is physically difficult to realize. The
d. r. c. syste: switched at a constant output level was
found to exhibit reasomably good time response at the
lower values of input, but this response was found to
exhibit hizh values of overshoot, maximun velocity and
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maxinum acceleration at input values much higher than the

switching level,
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CHAPTER V
CONCLUSIONS AND SUGGESTIONS FOR FURTHER STUDY

Conclusions are drawn from the results of this inves-
tigation and suggestions are made regarding future
investigations of time-optimal control of feedback control

systens,
I. CONCLUSIONS

It was found early in this investigation that the
most efficient as well as most expedient method of study-
ing time-optimization of feedback control systems is
through the use of an analog computer and its associated
recording equipment. The equirment used in the present
investigation, which was found to yield most satisfactory
results, consisted of the following: (1) an E. A, I.
Model TR-20 analog computer, (2) an E. A. I. Model 1110
x-y plotter, and (3) a Brush Mark 280 strip-chart recor=-
der. This type of investigation requires the use of
trial-and-error procedures initially, and an analog com-
puter was found to be very efficient for this type of
application, A digital computer was found to have sone
possibilities, but the additional mathematical manipula-
tions required and the difficulty encountered in
generating nonlinearities were among the disadvantages of

this method of study,
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nathematical develornient of a bang-bang tine-
optimal system was rresented in Chapier II, and the
performance of this systen configuration was compared

with that of a discontinuous rate compensated, or d, r. c.

systen in Chapter IV, A brief exposition of phase plane
principles is made in Charter II, Analog conputer pro-

grarming rrincirles and nodel-building technicues were
presentad in Chapter III, The construction of analog
conputer nodelis of the syctens studied here was also
presented in Chapter III,

Conclucions are drawn from {ie data presented in
Chapter IV. It was found thiat, of the sveoten configura-
tions studied, the best overzll time response to step
inputs within a range of magnitudes was exiibited by a
discontinuous rate corrensated svetem switched such that
for any magnitude of input the resronse would overchoot

five percent. The bang-bang configuration of the saie
systen was found to be nore severelv linmited Dv ih2
effects of saturation on the response *irie than the five
percent oversicot d. r. ¢, systen., A d. r. ¢, cooten
switched at a constant output lovel was
ncessive oversiioot, nmarinun velecity and maxinuil acceler-
ation wien subjecied to inputs :wuch above tihe switching
level, "Two seis of systen paraicterc were used, raling
- applicable to at ieast tuo

.0

different systems., Siace the results obtained fro: the
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two parameter sets did not differ substantially, then the
conclusions which can be drawn from these results probably
apply to a class of systems, and are not limited to one

case only,
II. SUGGESTIONS

Suggestions are made for further studies in time-
optimal control, Since the results of this study show
definite advantages in the use of discontinuous rate com-
pensation in at least a class of second-order systems, it
is felt that further study should be made in deternining
the range of applicability of these results, First, it
should be determined for what class or classes of second-
order systems with step inputs the results of the present
study applies, Next, it should be determined whether
these results apply only for step inputs or whether they
are valid for ramp, sinusocidal and other inputs. Finally,
the study should be extended to third- and higher-order
systems, It is also felt that means of generating non-
linear switching functions should be investigated, since
the use of simple, linear switching curves was found
extremely useful in the present study., If high-speed
generation of large masses of accurate data is found
necessary, the use of sophisticated programning techniques
for a digital computer should be investigated. Finally,

an attempt should be made to apply formal optimizing
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techniques fo diccontinuous rate compencated cystens.
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APPENDIX

DIGITAL COMPUTER PROGRA} TO FIND

TI}E RESTCONSE OF BASIC SYSTE!:

C BASIC SYSTEM TINE RFSPONSE TO UNIT STEP
PUNCH 3

INPUT

PUNCH 4
100 RFAD 1 4AsPsFasPHI
NO 200 1=1461

Fl=1-1
T=F %405
C=A-(PH*EXP (B*T))I#(SIN(WH*T+PHI))

2C0 PUNCH 24TsC
PUNCH 5
PRINT 6

~

GO TO 1GO
FORMAT(BF 10 e:)
FORMAT(2( X sF5e24 19X 4F10e6)

FORMAT(22X+ 1HT 420X e4HC(T))
FORMAT (40H
1 (40H

ESEN Y AV

5 FORMAT (40X38X1H~)
6 FORMAT (14HCALC COMPLFTE/Z1I9HLLOAD NEXT
END

NASA-Langley, 1967 —10 CR-867 101

DATA



